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Abstract
In this article, we study necessary and suﬃcient conditions on the parameters of the
boundedness on Morrey spaces and modiﬁed Morrey spaces for T,α andM,α ,
which are a multilinear fractional integral and a multilinear fractional maximal
operator with rough kernel, respectively. Our results extend some known results
signiﬁcantly.
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1 Introduction
Suppose that  is homogeneous of degree zero on Rn and  ∈ Ls(Sn–) with  < s ≤ ∞,
where Sn– denotes the unit sphere of Rn. Moreover, m ≥  will denote an integer, θj (j =
, . . . ,m) will be ﬁxed, distinct, and nonzero real numbers, and  < α < n. We denote f =




















If α = , thenM ≡M, is the multilinear maximal operator.





f (x – y)
|y|n–α dy.
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Spanne and Adams obtained two remarkable results on Morrey spaces (see Deﬁni-
tion . in Section ) for Iα . Their results can be summarized as follows.
Proposition . [, ] (Spanne, but published by Peetre) Let  < α < n,  ≤ p < n/α,  ≤
λ < n – αp, /q = /p – α/n, and μ/q = λ/p. Then for p > , the operator Iα is bounded from
Lp,λ(Rn) to Lq,μ(Rn) and for p = , Iα is bounded from L,λ(Rn) to WLq,μ(Rn).
Proposition . [, ] Let  < α < n, ≤ p < n/α, ≤ λ < n – αp.
(i) If p > , then the condition /p – /q = α/(n – λ) is necessary and suﬃcient for the
boundedness of the operator Iα from Lp,λ(Rn) to Lq,λ(Rn).
(ii) If p = , then the condition  – /q = α/(n – λ) is necessary and suﬃcient for the
boundedness of the operator Iα from L,λ(Rn) toWLq,λ(Rn).
If λ = , then the statement of Propositions . and . reduces to the well-knownHardy-
Littlewood-Sobolev inequality. On the other hand, in , Guliyev et al. [] found this
inequality in modiﬁed Morrey spaces (see Deﬁnition . in Section ) was also valid and
proved the following.
Proposition . [] Let  < α < n, ≤ p < n/α, ≤ λ < n – αp.
(i) If p > , then the condition α/n≤ /p – /q≤ α/(n – λ) is necessary and suﬃcient for
the boundedness of the operator Iα from L˜p,λ to L˜q,λ.
(ii) If p = , then the condition α/n≤  – /q≤ α/(n – λ) is necessary and suﬃcient for
the boundedness of the operator Iα from L˜,λ toWL˜q,λ.
When m ≥  and  ≡ , Grafakos [] studied Lebesgue boundedness of T,α . Recently,
Gunawan [] extendedGrafakos’ result toMorrey spaces and provided amulti-version for
the suﬃciency of conclusion (i) in Proposition ..
Proposition . [] Let  < α < n, p be the harmonic mean of p, . . . ,pm > ,  < p < n/α,
 ≤ λ < n – αp, /p – /q = α/(n – λ), then the operator T,α is bounded from Lp,λ(Rn) ×
· · · × Lpm ,λ(Rn) to Lq,λ(Rn).
Whenm≥  and ∈ Ls(Sn–), Ding and Lu [] studied the Lp ×· · ·×Lpm boundedness
for T,α . After this work above, a natural question is: what properties does the operator
T,α have on Morrey and modiﬁed Morrey spaces? We give answers as follows.
Theorem . Let  < α < n,  ∈ Ls(Sn–) with  < s ≤ ∞, s′ = s/(s – ), p be the harmonic







for ≤ λj < n. (.)
(i) If p > s′, then the condition /p – /q = α/(n – λ) is necessary and suﬃcient for the
boundedness of the operator T,α from Lp,λ (Rn)× · · · × Lpm ,λm (Rn) to Lq,λ(Rn).
(ii) If p = s′, then the condition /s′ – /q = α/(n – λ) is necessary and suﬃcient for the
boundedness of the operator T,α from Lp,λ (Rn)× · · · × Lpm ,λm (Rn) toWLq,λ(Rn).
Moreover, similar conclusions hold for M,α .
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Theorem . Let α, , s, pj, λj, p, and λ be as in Theorem ..
(i) If p > s′, then the condition α/n≤ /p – /q≤ α/(n – λ) is necessary and suﬃcient for
the boundedness of the operator T,α from L˜p,λ (Rn)× · · · × L˜pm ,λm (Rn) to L˜q,λ(Rn).
(ii) If p = s′, then the condition α/n≤ /s′ – /q≤ α/(n – λ) is necessary and suﬃcient for
the boundedness of the operator T,α from L˜p,λ (Rn)× · · · × L˜pm ,λm (Rn) to
WL˜q,λ(Rn).
Moreover, similar estimates hold for M,α .
Remark . Note that Theorems . and . covers Propositions . and ., respectively.
Also, the case λ = λ = · · · = λm and  ≡  reduces to Proposition .; the case λ = λ =
· · · = λm =  gives the result of Ding and Lu [] on Lebesgue spaces.
We observe that, in Theorems . and ., the boundedness in the limiting case p =
(n – λ)/α remains open. In fact, when p = n/α (i.e. λ = ), Ding and Lu [] found M,α is
bounded from Lp × · · · × Lpm to L∞, but this corresponding result for T,α in this case
does not hold. Our next goal is to extend Ding and Lu’s result to the case ≤ λ < n– α, as
the continuation of Theorems . and ..
Theorem . Let  < α < n, ≤ λ < n – α,  ∈ Ls(Sn–) with  < s≤ ∞, p be the harmonic
mean of p, . . . ,pm >  and satisfy (.).
(i) If p = (n – λ)/α ≥ s′, then the operatorM,α is bounded from
Lp,λ (Rn)× · · · × Lpm ,λm (Rn) to L∞(Rn).
(ii) If s′ ≤ (n – λ)/α ≤ p≤ n/α, then the operatorM,α is bounded from
L˜p,λ (Rn)× · · · × L˜pm ,λm (Rn) to L∞(Rn).
Finally we shall describe the organization of this paper. In the following section, we will
study the boundedness of maximal operatorM onMorrey and modiﬁedMorrey spaces.
The last section we will devote to the boundedness of T,α and M,α and to showing the
proof of Theorems ., . and ..
Throughout this paper, we assume the letter C always remains to denote a positive con-
stant that may vary at each occurrence but is independent of the essential variables.
2 Boundedness of maximal operatorM
In this part, we investigate the boundedness of maximal operator M (see Section ) on
Morrey and modiﬁed Morrey spaces deﬁned by the following deﬁnitions.
Deﬁnition . [–, ] Let ≤ p <∞, ≤ λ ≤ n. We denote by Lp,λ = Lp,λ(Rn) the Mor-
rey space, and byWLp,λ =WLp,λ(Rn) the weakMorrey space, as the set of locally integrable
functions f (x), x ∈Rn, with the ﬁnite norms
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Deﬁnition . [] Let ≤ p <∞, ≤ λ ≤ n, [t] = min{, t}. We denote by L˜p,λ = L˜p,λ(Rn)
the modiﬁed Morrey space, and by WL˜p,λ =WL˜p,λ(Rn) the weak modiﬁed Morrey space,
as the set of locally integrable functions f (x), x ∈Rn, with the ﬁnite norms





















It is easy to see that Lp,(Rn) = L˜p,(Rn) = Lp(Rn), WLp,(Rn) =WL˜p,(Rn) =WLp(Rn). If
λ <  or λ > n, then L˜p,λ(Rn) = Lp,λ(Rn) =  where  is the set of all functions equivalent





 Lp,λ(Rn) ∩ Lp(Rn), max{‖f ‖Lp,λ ,‖f ‖Lp} ≤ ‖f ‖L˜p,λ .
Recall the deﬁnition of M, as a special case when m = ,  ≡  and θ = , M is the
Hardy-Littlewood maximal operator M. In , Nakai [] obtained the boundedness
of M on Morrey spaces, later Guliyev [] studied the operator M on modiﬁed Morrey
spaces and get a result parallel to Nakai’s result.
Lemma . [] Let  ≤ p < ∞ and  ≤ λ < n. Then for p > , M is bounded from Lp,λ to
Lp,λ and for p = ,M is bounded from L,λ to WL,λ.
Lemma . [] Let  ≤ p < ∞ and  ≤ λ < n. Then for p > , M is bounded from L˜p,λ to
L˜p,λ and for p = ,M is bounded from L˜,λ to WL˜,λ.
When m ≥  and  ∈ Ls(Sn–), we ﬁnd M also has the same properties by providing
the following multi-version of Lemmas . and ..
Theorem . Let  ∈ Ls(Sn–) with  < s ≤ ∞,  ≤ λ < n, p be the harmonic mean of
p, . . . ,pm > , p≥ s′ and satisfy (.).










Theorem . Let  ∈ Ls(Sn–) with  < s ≤ ∞,  ≤ λ < n, p be the harmonic mean of
p, . . . ,pm > , p≥ s′ and satisfy (.).
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Here, we give only the proof of Theorem . and omit the proof of Theorem . due to
the similarity.















































































for all x ∈Rn and t > .
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Taking the pth root of both sides and applying Lemma . with p/s′ >  and the fact
fjs






































which is the desired inequality.
(ii) If p = s′, for any β > , let ε = β , εm =  and ε, ε, . . . , εm– >  be arbitrary which will
be chosen later. From the pointwise estimate (.), we get
{


















, j = , , . . . ,m.
Then, applying Lemma . with p/s′ =  and the fact fjpj ∈ L,λj , we get
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This is the conclusion (ii) of Theorem .. 
3 Boundedness of T,α andM,α
The present section consists of two parts which are about the bounded estimates onMor-
rey and modiﬁed spaces for the multilinear fractional integral operator T,α and the mul-
tilinear fractional maximal operatorM,α , respectively.
3.1 Boundedness on Morrey spaces
In this part, we will prove Theorem .. Let us begin with a requisite Hedberg’s type esti-
mates, which plays a key role in proving Theorem ..
Lemma . Let  < α < n,  ∈ Ls(Sn–) with  < s ≤ ∞, p be the harmonic mean of
p, . . . ,pm > ,  ≤ λ < n – αp, s′ ≤ p < n/α and satisfy (.), then there exists a positive

















fj(x – θjy)dy =: A(x, δ) + S(x, δ).
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Recalling the conditions of Lemma ., we can see s′ ≤ p < (n – λ)/α, which implies
α < (n – λ)/p≤ (n – λ)/s′, then we get
n – αs′ > n – (n – λ)s′/p≥ n – (n – λ) = λ.
In order to estimate S(x, δ), we choose a real number σ such that
n – αs′ > σ > n – (n – λ)s′/p≥ λ.
One can then see from the choice of σ that
n –
(
n – α – σ /s′
)
s <  (.)
and
(n – σ )/s′ – (n – λ)/p < . (.)






















∣∣fj(x – θjy)∣∣s′ dy
)/s′
=: Eσ (δ)× Fσ (x, δ).






∣∣(ξ )∣∣srn–(n–α–σ /s′)s– dξ dr
)/s
= Cδα–(n–σ )/s′ .






















∣∣fj(x – θjy)∣∣s′ dy
)/s′
.

























∣∣fj(x – θjy)∣∣p dy
)/p


































































































Hence, for every p≥ s′, we have






















and then we get the conclusion of Lemma .. 
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Now we are ready to prove Theorem ..
Proof of Theorem . First of all, we will devote our eﬀorts to the proof of (i).






























Taking the supremum for x ∈Rn and t > , we will get the desired conclusion.
Necessity. Suppose that T,α is bounded from Lp,λ × · · ·×Lpm ,λm to Lq,λ. Deﬁne f(x) =
(f(x), . . . , fm(x)) for  > . Then it is easy to show that
T,αf(y) = –αT,αf(y). (.)
Thus




































































where C is independent of .
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If /p < /q + α/(n – λ), then for all f ∈ Lp,λ × · · · × Lpm ,λm , we have ‖T,αf‖Lq,λ =  as
 → .
If /p > /q + α/(n – λ), then for all f ∈ Lp,λ × · · · × Lpm ,λm , we have ‖T,αf‖Lq,λ =  as
 → ∞.
Therefore we get /p = /q + α/(n – λ).
We proceed to prove (ii). Suﬃciency. For any β > , applying Lemma . and the con-































































































Thus, we complete the suﬃciency of (ii).
Necessity. Let T,α be bounded from Lp,λ × · · · × Lpm ,λm to WLq,λ. Because we have
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Since T,α is bounded from Lp,λ × · · · × Lpm ,λm toWLq,λ, we have








where C is independent of .
If /p < /q + α/(n – λ), then for all f ∈ Lp,λ × · · · × Lpm ,λ, we have ‖T,αf‖WLq,λ =  as
 → .
If /p > /q + α/(n – λ), then for all f ∈ Lp,λ × · · · × Lpm ,λ, we have ‖T,αf‖WLq,λ =  as
 → ∞.
Consequently, we get /p = /q + α/(n – λ).
Next, we prove conclusions (i) and (ii) hold for M,α . By the same arguments as above
we get the necessity part and the suﬃciency part follows from the conclusion of T,α and
the following lemma.
Lemma . [] Suppose that  < α < n,  ∈ Ls(Sn–) with  < s≤ ∞. Then
M,α(f)(x)≤ Cα,nT||,α
(|f|)(x),
where |f| = (|f|, . . . , |fm|).
Then the proof of Theorem . is completed. 
As an application of Theorem ., we get Spanne type estimates, which can be seen a
multi-version of Proposition ..
Corollary . Let α, , s, pj, λj, p, and λ be as in Theorem ., /q = /p–α/n, μ/q = λ/p.
(i) If p > s′, then T,α is bounded from Lp,λ (Rn)× · · · × Lpm ,λm (Rn) to Lq,μ(Rn).
(ii) If p = s′, then T,α is bounded from Lp,λ (Rn)× · · · × Lpm ,λm (Rn) toWLq,μ(Rn).
Moreover, similar estimates hold for M,α .
Proof From Lemma ., we only need to show the boundedness of T,α .
First, we choose t to satisfy (n –μ)/q = (n – λ)/t, then we get
/t = (n –μ)/q(n – λ) = /p – α/(n – λ) < /p – α/n = /q.
Then Hölder’s inequality implies Lt,λ(Rn)⊂ Lq,μ(Rn) andWLt,λ(Rn)⊂WLq,μ(Rn). In fact,
there exists a constant C >  such that
‖T,αf‖Lq,u ≤ C‖T,αf‖Lt,λ
and
‖T,αf‖WLq,u ≤ C‖T,αf‖WLt,λ .
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Then, by Theorem ., we have
‖T,αf‖Lq,u ≤ C‖T,αf‖Lt,μ ≤ C
m∏
j=
‖fj‖Lpj ,λj for p > s′
and
‖T,αf‖WLq,u ≤ C‖T,αf‖WLt,μ ≤ C
m∏
j=
‖fj‖Lpj ,λj for p = s′.
Thus, the proof of Corollary . is completed. 
As an another application, by Hölder’s inequality, we obtain an Olsen’s inequality as in
the following corollary, which is a multi-version of the results in considered by Olsen in
[] in the study of the Schrödinger equation with perturbed potentialsW .
Corollary . Let α, , s, pj, λj, p, and λ be as in Theorem . and let W ∈ L(n–λ)/α,λ. If
p > s′ and /p – /q = α/(n – λ), then there exists a positive constant C such that




Moreover, similar estimates hold for M,α .
3.2 Boundedness onmodiﬁed Morrey spaces
This part we will devote to the boundedness on modiﬁed Morrey spaces and show the
proof Theorem . and .. With the same arguments on Morrey spaces, we also begin
with a requisite Hedberg’s type estimates on modiﬁed Morrey spaces.
Lemma . Let  < α < n,  ∈ Ls(Sn–) with  < s ≤ ∞, p be the harmonic mean of
p, . . . ,pm > ,  ≤ λ < n – αp, s′ ≤ p < n/α and satisfy (.), then there exists a positive





Proof For any δ > , we do the same decomoposition of T,α as in the proof of Lemma .,
then we only need to estimate Fσ (x, δ). We also choose the same σ during the proof of
Lemma ., then we get
(n – σ )/s′ – n/p≤ (n – σ )/s′ – (n – λ)/p < . (.)























∣∣fj(x – θjy)∣∣p dy
)/p












































































′–n/p, if δ ≥ /,
δ(n–σ )/s







′–n/p, if δ ≥ /,
δ(n–σ )/s




















































































′ , if δ ≥ /,
δ(λ–σ )/s







′ , if δ ≥ /,
δ(λ–σ )/s
′ , if  < δ < /
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Then, combining with the estimates Eσ (δ)≤ Cδα–(n–σ )/s′ , we have
∣∣S(x, δ)∣∣ ≤ Cδα–n/p[δ]λ/p
m∏
j=




















































This is the conclusion of Lemma .. 
Now we give the proof of Theorem ..
Proof of Theorem . Similarly to the proof of suﬃciency in Theorem ., by the bound-
edness of M in Theorem ., we will get the suﬃciency. Now, we give only the proof of
necessity.
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Let [],+ = max{, }, by (.), for f(x) with  > , we get

































































































































































where C is independent of .
When /p < /q + α/n, then for all f ∈ L˜p,λ × · · · × L˜pm ,λm , we have ‖T,αf‖L˜q,λ =  as
 → .
When /p > /q + α/(n – λ), then for all f ∈ L˜p,λ × · · · × L˜pm ,λm , we have ‖T,αf‖L˜q,λ = 
as  → ∞.
Therefore we get α/n≤ /p – /q≤ α/(n – λ).



















where C is independent of .
When /p < /q + α/n, then for all f ∈ L˜p,λ × · · · × L˜pm ,λ, we have ‖T,αf‖WL˜q,λ =  as
 → .
When /p > /q + α/(n – λ), then for all f ∈ L˜p,λ × · · · × L˜pm ,λ, we have ‖T,αf‖WL˜q,λ = 
as  → ∞.
Consequently, we get α/n≤ /p – /q ≤ α/(n – λ).
Next, we prove conclusions (i) and (ii) hold for M,α . By the same arguments as above
we get the necessity part and the suﬃciency part follows from the conclusion of T,α and
Lemma [].
This completes the proof of Theorem .. 
Finally we show the proof of Theorem ..


























































∣∣fj(x – θjy)∣∣pj dy
)/pj
.
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Therefore, we complete the proof of Theorem .. 
Finally, we would like to remark that our theorems generalize the relevant results in
[–].
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